We suggest that the physically irrelevant choice of a representative worldline of a relativistic spinning particle should correspond to a gauge symmetry in an action approach. Using a canonical formalism in special relativity, we identify a (first-class) spin gauge constraint, which generates a shift of the worldline together with the corresponding transformation of the spin on phase space. An action principle is formulated for which a minimal coupling to fields is straightforward. The electromagnetic interaction of a monopole-dipole particle is constructed explicitly.
I. INTRODUCTION
Relativistic spinning particles are an important topic in both classical and quantum physics. All experimentally verified elementary particles, except the Higgs boson, are spinning. In the classical regime, spinning particles in relativity are a seminal topic, too, see [1, 2] for reviews. But we are going to argue in this paper that, as of now, their formulation through a classical action principle remains incomplete.
An interesting, but sometimes problematic, feature of spinning objects in relativity is that their center of mass depends on the observer. This is vividly illustrated in Fig. 1 . On the other hand, the definition of the angular momentum of the object, or spin, hinges on the location of the center as the reference point. Hence, both the three-dimensional center and the three-dimensional spin of an object depend on the observer. However, both are combined to form an antisymmetric four-dimensional If a spinning spherical symmetric object moves with a velocity v i to the left, then its upper hemisphere moves faster with respect to the observer than its lower hemisphere. Hence, the upper hemisphere possesses a larger relativistic mass than the lower one and the object acquires a mass dipole S i0 = m∆z i . See, e.g., [1] . * jan.steinhoff@aei.mpg.de; http://jan-steinhoff.de/physics/ spin-tensor S µν , where the spatial components S ij contain the usual spin (or flux dipole) and the components S i0 give the mass dipole. The latter is non-zero if and only if the observed center of mass differs from the reference point.
Actually, in special relativity, S i0 is in one-to-one correspondence with the choice of a reference point. This allows one to represent the choice of center through a condition on S µν , called spin supplementary condition (SSC). For instance, the physical meaning of the FokkerTulczyjew condition S µν p ν = 0 [3, 4] is that one observes a vanishing mass dipole S i0 = 0 in the rest-frame of the object, where its momentum p ν is parallel to the time direction. In other words, the chosen center agrees with the center of mass observed in the rest-frame. Because physically the dynamics of the object must be independent of the reference worldline z µ (σ) we chose to represent its motion, this choice is a gauge choice and the SSC can be understood as a gauge fixing. However, we will see that, in the context of an action formulation for spinning particles, there is a twist in this story. In general relativity, the correspondence between the choice of center and the SSC was rigorously demonstrated only for the special case S µν p ν = 0 [5, 6] , but intuitively one should expect that it holds more generally, too.
To date, the prototype construction for an action and canonical formalism of classical spinning particles in special relativity is given in a seminal paper of Hanson and Regge [2] . (For earlier work on the action see [7, 8] and for the canonical formalism see [9] ). However, this construction essentially covers the choice S µν p ν = 0 only, which has the advantage of being a covariant condition. Then the covariance of the theory is manifest. But following the idea that the choice of a reference worldline can be seen as an arbitrary gauge choice, one would instead expect that the action possesses a corresponding gauge symmetry, so that any SSC can be used equivalently at the level of the action. It is the main purpose of the present paper to work out a recipe for the construction of such a gauge-invariant action in special relativity, and in this sense completes the work in [2] .
It is important to notice that Ref. [2] is the basis of cur-rent methods for the computation of general relativistic spin effects in compact binaries [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . Predictions for these spin effects are of great importance for future gravitational wave astronomy. For instance, some black holes are known to spin rapidly [21, 22] and certain spin orientations lead to an increased gravitational wave luminosity [23] . This makes it likely that spin effects are relevant for the first detectable sources. If spinning compact objects are modeled through an effective field theory approach (EFT) [10, 16, 24] , then it is vital to implement all expected symmetries in the effective action. However, the gauge symmetry related to the choice of a representative worldline was not considered so far. It is noteworthy that classical spinning particles are based on a spin-1 representation in the present paper, while Fermions transform under fractional spin representations. But still, an action for classical spinning particles can also be seen as an effective theory for fermion fields in certain limits. The clearest way to understand the classical limit is through a Foldy-Wouthuysen transformation [25, 26] . This is a unitary transformation of the spinors, which removes the Zitterbewegung. This unitary representation corresponds to the choice of the Pryce-Newton-Wigner center [27] [28] [29] for the representative point in the classical theory. Then the commutators, or Poisson brackets, of the three-dimensional spin and position are the (rather simple) standard canonical ones.
We adopt the conventions from [2] .
II. SPINNING PARTICLES
Before we discuss classical spinning particles, it is useful to recapitulate the definition of particles in quantum theory. One-particle states are defined by the property of transforming under an irreducible representation of the Poincaré group [30] . That is, a particle is still the same one if it is transformed to a different position, orientation, or speed by the Poincaré group and the irreducibility guarantees that it can not be separated into parts, so it is indeed just one particle. The linear momentum of the particle p µ follows as the eigenvalue of the translation operator. Since p µ transforms as a vector under Lorentz transformations, it can not label the irreducible representations, but the scalar p µ p µ = M 2 can. Now, all vectors on such a mass shell are connected by Lorentz transformations, so one can define a standard Lorentz transformation L(p) which brings p µ to some standard form. A generic Lorentz transformation of the particle state can then be decomposed into the standard Lorentz transformation L(p) and an element of the so called little group. The latter leaves the standard form of p µ invariant. For instance, for massive particles (M 2 > 0) one usually chooses the standard form of p µ to point to the time direction (p µ is boosted to the rest frame) and the little group is the rotation group SO(3) (Wigner rotation), since it leaves the time direction invariant. Finally, this simple group-theoretical definition of particles implies that particles are characterized by a mass shell and an irreducible representation of the little group, which carries a spin quantum number. An analogous grouptheoretical approach can be used in the classical context [31] .
For classical particles, we follow [2] and represent the configuration space of the particle by a position z µ and a Lorentz matrix Λ A µ , with obvious transformation properties under the Poincaré group. Here the index A labels the basis of the body-fixed frame. Though this is borrowing terminology from a rigid body, we insist that the constructed action can serve as an effective description of generic spinning bodies. The generators of the Poincaré group are the linear momentum p µ and the total angular momentum J µν = 2z [µ p ν] + S µν , so the Poisson brackets must read
all other zero, where η µν is the Minkowski metric.
We consider the case of a massive particle here. Then we can define a standard boost which transforms the time direction of the body-fixed frame Λ 0 µ into the direction of the linear momentum p µ ,
where p := √ p µ p µ and for later convenience we have introduced the time-like vector ω ν := p ν /p + Λ 0 ν . When applied to the Lorentz matrix, we obtain a new matrix
We notice thatΛ 0 µ is redundant, since it is given by p µ . The independent physical degrees of freedom are contained inΛ i µ , which carries an SO(3) index and hence transforms under the vector (spin-1) representation of the little group. This is intuitively clear, since the state of motion is already characterized by the linear momentum and the temporal component of the body-fixed frame must be redundant. The physical information of the body-fixed frame is the orientation of the object, which should be associated with three-dimensional rotations.
Because Λ A µ contains irrelevant, or gauge, degrees of freedom, its conjugate S µν must be subject to a constraint. This constraint is usually also the generator of the gauge symmetry [32] , which must leave the physical degrees of freedomΛ i µ invariant. From the projector-like structure of Eq. (3) and the fact that the spin generates Lorentz transformations of Λ i µ , we may guess that the generator is given by S µν ω ν . Indeed, we find
where we made use of
We have discovered the spin gauge constraint
where weak equality [33] (restriction to the constraint surface) is denoted by ≈. It is further illustrated below that this constraint physically makes sense. This spin gauge constraint is not an SSC (in the usual sense) and does not correspond to a choice for the worldline, but it parametrizes the possible SSCs through a gauge field Λ 0 ν , see below for discussion. We notice that Ref. [2] was missing the Λ 0 ν in this constraint. One might object that the appearance of Λ 0 ν is breaking the SO(1,3) Lorentz invariance in its first index. However, this index belongs to the body-fixed frame, whose time-like component is not an observable. Indeed, we already argued that Λ 0 ν is a physically irrelevant gauge degree of freedom. Furthermore, also from an EFT point of view, only SO(3) rotation invariance is a symmetry that must be respected for the body-fixed frame [24, 34] , instead of SO(1,3) Lorentz invariance.
We must have another constraint related to a gauge symmetry here, namely that of reparametrization invariance of the worldline parameter σ. The associated constraint is the mass shell one [2] 
which together with (5) forms the basis for an action principle.
III. ACTION FOR SPINNING PARTICLES
We are going to construct an action principle based on a Hamiltonian. The Dirac Hamiltonian H D [32, 33, 35] is the canonical Hamiltonian plus the (primary) constraints, which are added with the help of Lagrange multipliers. However, due to reparametrization invariance, the canonical Hamiltonian vanishes, so that H D is just composed of the constraints,
where λ and χ µ are the Lagrange multipliers. An action principle for spinning point-particles (PP) must reproduce the equations of motion of H D with Poisson brackets from Eq. (1). The relation between action and Poisson brackets is discussed in Appendix A. The appropriate action reads [2] 
where the variables with independent variations are z µ , p µ , Λ Aµ , and S µν and we introduced the abbreviations
is a Lorentz matrix, it can only be varied by an infinitesimal Lorentz transformation δθ µν = −δθ νµ , i.e., δΛ Aµ = Λ Aν δθ ν µ . Notice that the dynamical mass M can be a general function of the dynamical variables. Then the mass M contains all the interaction energies. It must be adapted such that the point-particle provides an effective description for some extended body on macroscopic scale (reducing the almost innumerable internal degrees of freedom of the body to the relevant ones). The dynamics is then encoded through M and the action principle. This makes the dynamical mass M analogous to a thermodynamic potential, like the internal energy. It should be noted that EFTs are of comparable importance for both particle and statistical physics. The analogy of M to a thermodynamic potential suggests to apply a construction of M using symmetries and power counting arguments, as usual in an EFT. For black holes, M as a function of the dynamical variables is related to the famous laws of black hole dynamics [36] , see also [37] for discussion.
We require here that the constraints in H D are related to gauge symmetries. Then the Lagrange multipliers are not fixed by requiring that the constraints are preserved in time and represent the gauge freedom. This implies that the Poisson brackets between all pairs of constraints vanish weakly here. Constraints with this property are called first class [33] . See Ref. [32] for further discussion of gauge symmetry in constrained Hamiltonian dynamics. In contrast to our requirement that all three independent components of the spin constraints are first class, only one component of the spin constraint used in [2] is first class. This renders the completion of the set of constraints in [2] rather unsatisfactory, because only first class constraints require a completion through gauge fixing constraints.
IV. SPIN GAUGE CONSTRAINT
The first main objective of the present paper is to establish C µ as the proposed spin gauge constraint. We just argued that it should be a first class constraint. Furthermore, it should be the generator of a spin gauge transformation, i.e., a shift of the representative worldline ∆z µ (σ) together with the appropriate change in the spin,
This is in agreement with the physical picture in Fig. 1 , which refers to the rest-frame where p µ = (m, 0). These are the physical requirements we have on C µ .
These requirements are indeed met for Eq. (5). It is easy to see that C µ is first-class among itself,
so it qualifies for a gauge constraint. Then the generator of an infinitesimal spin gauge transformation is µ C µ and the transformations of the fundamental variables read
where P µν is the projector onto the spatial hypersurface of the rest-frame,
Notice that ∆z µ is a spatial vector in the rest-frame of the particle, p µ ∆z µ = 0. This makes it obvious that the symmetry group is three-dimensional. Now, on the constraint surface, Eq. (14) is identical to our second and final requirement in Eq. (9) . That is, it is precisely the amount that an angular momentum changes if the reference point is moved by ∆z µ . This shows that µ C µ indeed generates a shift of the reference worldline within the object and that C µ is the corresponding gauge constraint.
While the physical meaning of ∆S µν is immediately clear, an interpretation of ∆Λ A µ deserves a more detailed illustration. We recall that the physically relevant components of Λ A µ are obtained by a finite boost to the rest frame, see Eq. (2). Therefore, ∆Λ A µ should be given by a standard boost to the rest-frame followed by another standard boost to a frame infinitesimally close to Λ Aµ . It is straightforward to check using the standard boost, Eq. (2) , that this is the case.
V. SPIN GAUGE FIXING
As usual, a gauge fixing now requires a gauge condition, that is, a condition on the gauge field Λ 0 µ . Notice that the spin gauge constraint (5) does not correspond to a choice for a representative worldline, because it contains the unspecified gauge field Λ 0 µ . The following choices turn the spin gauge constraint (5) into familiar choices for the SSC:
The first one is due to Fokker [3] , the second due to Pryce, Newton, and Wigner [27] [28] [29] , and the last one due to Pryce and Møller [28, 38] . In general relativity, the first condition was first considered by W. M. Tulczyjew [4] , the third one by Corinaldesi and Papapetrou [39] , and the second one was applied more recently only [11, 13, 40, 41] in slightly different forms and contexts. The differences arise in the way the (normalized) time vector δ µ 0 is generalized to curved spacetime. However, it should be noted that [11, 13, 41] suggest to complete the set of constraints by Λ 0 µ ∝ p µ , while here in the context of spin gauge symmetry this would lead to the first SSC, but not to the second one. The SSC and the condition on Λ 0 µ can not be chosen independently here.
Any of the above conditions can be added to the set of constraints, e.g., 0 ≈ Λ 0 µ − δ µ 0 . This constraint then turns the spin gauge constraint into a second class constraint, which means that the set of constraints can be eliminated using the Dirac bracket [33] (and one can solve for the Lagrange multipliers). This is the usual manner in which gauge fixing is handled in the context of constrained Hamiltonian dynamics.
However, one can alternatively insert the solution to the set of constraints into the action in a classical context. For the case of the Pryce-Newton-Wigner spin gauge, it holds Λ 0 µ = δ µ 0 and Λ A 0 = δ 0 A , so the temporal components drop out of the spin kinematic term in the action,
The kinematic term still has the same form as in Eq. (8), but the indices are 3-dimensional now and the SO(1,3) Lorentz matrix was reduced to a SO(3) rotation matrix. Therefore, the standard so(1,3) Lie algebra Poisson bracket for the spin, Eq. (1), must be replaced by a standard so(3) algebra for the spatial components of the spin. However, for other gauge choices, the kinematic term will not simplify this drastically and the reduced Poisson bracket algebra will in general be more complicated. This makes the Pryce-Newton-Wigner gauge probably the most useful one if one aims at a reduction of variables, while the Fokker-Tulczyjew one leads to manifestly covariant equations of motion. It should be emphasized that all gauges lead to equivalent equations of motion by construction here, if the mass shell constraint H is spin gauge invariant.
Note that we obtain the same set of constraints as [2] if we choose the first gauge. However, adding a gauge symmetry to the theory should not be seen as adding unnecessary complications. On the contrary, different gauges are useful for different applications. For instance, in Ref. [2] a transformation from Fokker-Tulczyjew to Pryce-Newton-Wigner variables is considered because it simplifies the reduced Poisson brackets. Here one can directly use the second gauge fixing condition instead and the simplification of brackets is explained by Eq. (19) . This is an important consequence of our construction: Different SSCs are manifestly equivalent, in particular the covariant SSC is equivalent to noncovariant ones by construction.
VI. GAUGE INVARIANT VARIABLES
Now we turn to the second main objective of the present paper, which is the construction of the mass shell constraint H such that it is invariant under spin gauge transformations. This is equivalent to
The usual way to construct invariant quantities is by combining objects with are invariant. That is, we aim to find a position, spin, and Lorentz matrix which have weakly vanishing Poisson bracket with C µ . We already encountered the invariant Lorentz matrixΛ i µ given by Eq. (3). Recalling thatΛ i µ was obtained by a boost to the rest frame, we may guess that the following projections to the rest-frame variables,
have the desired properties. It is indeed straightforward to show that these variables with a tilde have weakly vanishing Poisson brackets with C µ ,
and the linear momentum is already invariant, see Eq. (12) . Therefore, if the mass shell constraint depends on these variables only, then it is invariant under spin gauge transformation,
The most simple model is given by
Here f is an almost arbitrary function, commonly referred to as a Regge trajectory [2] . We require it to be analytic and nonconstant (for f = const it follows Ω µν = 0 for any spin). This function encodes the rotational kinetic energy and the moment of inertia of the body. For black holes, it is related to the laws of black hole mechanics.
VII. SIMPLIFIED INVARIANT ACTION
The construction of the last section has a problematic aspect. All fields interactions, entering through the dynamical mass M, must be taken at the positionz µ , which in general is different from the worldline coordinate z µ . This is particularly a problem for coupling to the gravitational field, because first of all the tangent spaces at z µ and z µ are different and second the difference between the positions is not a tangent vector. Therefore, it is not straightforward to generalize the current construction to the general relativistic case, where the dynamical mass must be coordinate invariant.
However, because the mass shell constraint must be written entirely in terms of the positionz µ , it is suggestive to shift the worldine of the action to this position. It should be noted that one can not switch to the invariant spin and Lorentz matrix as fundamental variables, because the transformation involves projections (noticẽ Λ i µ p µ = 0). This leads to an action containing a time derivative of the momentum,
(26) The Poisson brackets involvingz µ will not be standard canonical, but they can be readily obtained from Eq. (21) and the old Poisson brackets. Note that one can associate Poisson brackets to an action if it contains at most first order time derivatives (and no pathologies arise). See the Appendix A. The equations of motion are still first order, which is important because otherwise more initial values would be needed. Now it is now straightforward to couple the spinning particle to the gravitational field, namely by replacing ordinary derivatives with respect to σ in Eq. (26) by covariant ones (minimal coupling). Additionally, nonminimal couplings can be added in the sense of an effective theory via the dynamical mass M, as long as these are evaluated at the position of the new worldlinez µ and constructed using the matter variablesΛ i µ ,S µν , and p µ . Further development of the general relativistic case and an application to the post-Newtonian approximation is given in [42] . In the following section, we illustrate that this construction is also convenient for coupling to other fields, like the electromagnetic one, and see that nonminimal couplings represent the multipoles of the body [12, 43, 44] .
The time derivative of the momentum in our action is similar to the acceleration term introduced in [45] . (It also appeared in a similar time+space decomposed form in [46, 47] .) After a coupling to gravity (or the electromagnetic field), one can approximately remove this term, if this is desired, using a manifestly covariant shift of the worldline as introduced in [48] . This approximately corresponds to inserting the equation of motion forṗ µ into the action [49] . This transformation leads to the nonminimal coupling proportional to the Fokker-Tulczyjew SSC used in [12] . However, in both Refs. [12, 45] this term was introduced in order to preserve the covariant SSC, while here it arises from the requirement of spin gauge symmetry. This distinction is significant in the context of an EFT.
VIII. ELECTROMAGNETIC INTERACTION
A minimal coupling to the electromagnetic field with charge q can be introduced as usual by adding −qÃ µũ µ to the Lagrangian, see, e.g., Eq. (6.1) in [50, 51] ,
whereÃ µ = A µ (z ν ). This new term turns into a total time derivative under electromagnetic gauge transformations. The added term is also manifestly invariant under spin gauge transformations, because it only involves invariant quantities. Here it is convenient that we shifted the worldline to the spin-gauge-invariant positionz µ . We are going to derive the equations of motion belonging to the action (27) and explicitly construct the Poisson brackets associated to it. The δp µ -variation leads to the velocity-momentum relatioñ
and from the δS µν -variation it follows
Finally, the δz µ -variation leads tȯ
with the Faraday tensorF µν :=Ã µ,ν −Ã ν,µ , and the δΛ Aµ -variation giveṡ
We eliminate the time derivatives on the right hand side of Eq. (28),
which can be solved forũ µ using Eq. (A.4) and (A.7) in Ref. [2] ,ũ
where we usedS µν * S µν = 0 ( * denotes the Hodge dual). Using this relation, all time derivatives can be removed from the right hand sides of the equations of motion. The equation of motion of a dynamical variable is then expressed in terms of derivatives of H D with respect to other dynamical variables only, and the prefactor is the mutual Poisson bracket. Explicit expressions for all Poisson brackets are given in Appendix A. These Poisson brackets are similar to Eq. (5.29) in [2] . However, for most applications it should be sufficient to have an action principle and the equations of motion in the form given above. But it is good to know that the equations of motion follow a symplectic flow and that the Poisson brackets can be obtained explicitly if needed. An analogous calculation should be possible for the gravitational interaction.
The finite-size and internal structure of the particle is modelled by nonminimal couplings in the dynamical mass M. These are composed of the (electromagnetic gauge invariant) Faraday tensor F µν and its derivatives, where an increasing number of derivatives corresponds to smaller length scales or higher multipoles. As an illustration for the treatment of electromagnetic multipoles, we consider the simplest case of a dipole, which corresponds to a nonminimal coupling to the Faraday tensor F µν in the dynamical mass. For a spin-induced dipole, this reads
where g is the gyromagnetic ratio. For this model, our equations of motion are in agreement with [2] . Making the gauge choice Λ 0 µ = p µ /p and requiring that it is preserved in time by above equations of motions, we find that χ µ = 0 for the Lagrange multiplier of the spin gauge constraint in this case. A contraction of (28) with p µ then leads to λ =ũ µ p µ /p 2 for the Lagrange multiplier of the mass shell constraint, which is related to the parametrization of the worldline. Then we find structural agreement with (4.29), (4.33), and (4.34) in [2] and therefore also with the Bargmann-Michel-Telegdi equations [52] . The normalization of the dipole interaction differs compared to [2] , which is due to the fact that in [2] the dipole is proportional to the angular velocity, while here it is proportional to the spin. In [52] the SSC S µν u µ = 0 [53-55] is used, which fails to uniquely define a worldline and in general leads to helical motion [54] [55] [56] . Finally, we notice that a dipole linearly induced by an external field is modelled by couplings of the form shown in Eq. (1) of Ref. [57] , which can be added to the dynamical mass here.
If desired, one can shift theṗ µ -term in the action (27) to higher orders in the derivative of the electromagnetic field through redefinitions of the variables [49] . That is, through successive redefinitions, one can turn thė p µ -term into nonminimal interaction terms of increasing derivative order. Consistent with neglecting finite-size effects of a certain multipolar order in M, one can terminate this process at the desired order and theṗ µ -term is effectively removed. The physical reason for the additional nonminimal interactions is that a shift of position of a monopole q generates an infinite series of higher multipoles [48] .
IX. CONCLUSIONS
The spin gauge symmetry formulated in the present paper is an important ingredient to extend the EFT for charged particles to spinning charged particles (see, e.g., [58] ). This should serve as a classical EFT for massive fermions. Massless particles have a different little group, so our approach need several adjustments for this case. We identified spin gauge invariant variables in the present paper, which should be useful for a matching of the EFT.
The general relativistic case is analogous to the electromagnetic one and is invaluable for modelling the motion of black holes and neutron stars. This will lead to better gravitational wave forms needed for the data analysis requirements of future gravitational wave astronomy.
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However, at the level of the action, we can neglect terms of quadratic or higher order in the SSC S µν p µ . Then one can absorb all additional terms by defining the canonical momentum p can µ = p µ + qA µ + qF µν S νρ p ρ p 2 .
This can be solved for p µ using the identities in Appendix A of [2] and one finds agreement of (25) 
